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Invariance generates degeneracies

Noether's theorem
The invariance of the Hamiltonian under a continuous transformation leads to a conservation law.

Translational invariance H(’I“) = H(’l“ —|— 57“) Conservation of momentum
rotational invariance  H (0, ¢p) = H (0 4+ 60, ¢ + d¢) Conservation of angular momentum
Time invariance H(t)=H(t+T) Conservation of energy

Discrete rotational invariance: an object with rotational symmetry

R

Discrete translational invariance: periodic potential

H(r + R) = H(r) leadstoBloch's theorem Y(r+ R) = e“‘”"Rw(’r)

<

S

§ Periodic lattice vector

S| Periodic potential + rotational invariance: Symmetry operation S

g

9 _ —1 . .

£ H(S™'r)=H(r) leadsto ¥nk(S™'T) beingdegenerate with ¥n k(T)
S and E,.(Sk) = E,(k)

Periodic potential + time reversal invariance:
leadsto ¥ k(T,t) being degenerate with @D:,k@“, —t)

to  Yp () =vYn_k(r) andto E,(—k)=E,(k) 2




Importance de la symétrie

Les €léments de symétrie d'un objet, peu importe sa nature ou son origine,
forment toujours un groupe.

La théorie des groupes est un puissant outil algebrique permettant d'analyser
un systeme physique présentant des relations de symétrie. Cette théorie est
tres importante en physique et, particulierement, en mécanique quantique.

La symetrie
- détermine de nombreuses propriétés d'un systeme
- simplifie les calculs
- régit I'interaction d'un systeme avec la lumiere
- revele des connexions entre des phénomenes disparates

Exemple:  La symétrie nous aide a déterminer
- les propriétés de la fonction d'onde
- les modes de vibration d'une molécule ou d'un solide

- 'existence de deégenéerescences
- sl une transition entre deux niveaux est permise
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Objectif

Défi

operator

/
(V1 ]O;)
ﬁna/sm/t: \

initial state

A l'aide de la théorie des ga I'aide de propriétés de transformation des opérateurs et des
fonctions d'ondes. Ces dernieres sont exprimées dans les tables des caracteres.




Calculation of integrals

operator

l
(¥ |O;)
/ \

final state initial state

Group theory will help us determine whether an integral is equal or different than zero.



Objectif

operator

/
(V7 ]O1s)
fina/sta/t: \

initial state

Les propriétés de transformation des opérateurs et des fonctions d'ondes suffiront a
determiner si une intégrale est nulle ou non-nulle.

Les proprietés de transformation d'un systeme de symétrie donné sont exprimés dans les
tables des caracteres.

Dsn E 2C3  3C, oy 2S3 | 30y
Al | | | | | |
A | | - | | | - |
E 2 - | 0 2 - | 0
A" | | | - | - | - |
A" | | - | - | - | |
= 2 - | 0 -2 | 0




Group theory

Definifion
Symmetry operations



The concept of groups

Definition
Given an ensemble formed from multiple elements g7, g2, g3,... . This ensemble forms a group,
G, if the following four conditions are satisfied,

Notes

1. The product of any two elements belongs to this ensemble, g192 = g3

2. Associativity is respected for all elements, (9192)93 = g1 (g293>

3. For all elements, there exists an identity elements, E, such g FE=Fg1 = q
that,

4. For all elements, there exists an inverse element such that, glgl_l = 91_191 = b

*As operator between group elements, we use the multiplication.

*Associativity is in general not a constraint under multiplication.

*Commutativity is generally not respected.

*The multiplication table of a group expresses relationships between group elements

Ga-20| g1 g2 g3
g1 97 9192 9193
g2 | 9q 95 9293
gs 9391 9392 932,




Permutation group P3

Example

The group Pz is formed from the 3! permutations of 3 objects.

Cauchy notation: top set is the initial configuration, bottom set expresses the permutation

o o & [o ¢ & [om o &
b1 = oo A b2 = S A O D3 =1 A o o
o ¢ oo oo A
Pg = oA O Ps =1 A S O Pe = S o A
The multiplication table is
P3i—21) | pr P2 P3 pa Ps  Pe
b1 Pi| P2 P3 P4 Ps5s Pe
P2 P2l P3 |p1| P5 DPe P4 1) The group is closed
D3 sl [p1] P2 p6 pa ps 3) There /:s an /:dentity for all elements
4) There is an inverse for all elements
D4 P4l Pe D5 |P1| P3 P2 > This is a group!
b5 Ps| P4 Pe P2 |P1| D3
Pe Pel Ps P4 P3 P2 |P1




A few useful definitions

Definitions

* The order of a group G is given by the number of elements, h.

« If a subset of elements of G also form a group, then this subset H is
a subgroup of G. The order of H is a divisor of the order of G.

» The order of an element g is defined by the smallest integer n such
that gn=E. {g, g2,..., g"} is a sub-group of G.

oIf all elements of the group G can be generated from the powers of
g, the group is said to by cyclic.

« Two elements of G, gi and gj are conjugate, if a third element gi

exists such that ,
95 = 9k9i9;,

All conjugate elements can be grouped in classes Ki.. The element of
the group can be expressed as a sum of classes,

vg = {’Cl,ICQ,IC?,,---}

Psz example

=
Il
(<))

{p1,p2,p3}, {p1,pa}, {P1, 05}, {P1,p6}

The order of p1, pz, p3, p4 ps peare 1,
33223

{p1,p2,p3};

is cyclic. p> generates all three
elements. Also the case for ps.

pz and psz are conjugate
p4,ps, and ps are mutually conjugates

K= p1
K= p2, ps3
Ks= p4, ps, pe
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... and a few more...

Definitions

« If all elements commute, the group is abelian. Abelian groups have
as many classes as elements.

» Reorganization theorem: If G={E, g1, g2, ...., gn}, then the ensemble
gi{E, g1, 82, ...., 8n}={giE, gig1, g82 ...., i gn} contains all elements and
only once.

» A complex is an ensemble where the same element can appear
more than once.

» Dyadic product of two complexes is a complex,

A@BZ{albl,ale,.. }

5 g anbl,anbg, 0 0

H

*Scalar product is a dyadic product for which duplicate elements are
omitted

*The dyadic product of two classes can always be expressed as a
sum of classes

Ki ©K; = E Cijklx
& \ Always an integer

Pz example

Not abelian.

This explains why rows and columns
of the multiplication table contains
each element once.

A = {p1,P2:D2,D03,D1,P4,D5}

H ={p1,p2,p3}
F ={pa,ps,p6}

© F = {p4,D5,P6, D5, P65 D1, P65 D1, P5

H-F = {p4,p57p6}

Kl = {p27p3}

K10 Ka ={ps,ps;pa} + {p6, pa,ps}
= {2p4, 2ps, 2ps }
= 2{p4, 5, P5}
:OICI+ 2]C2

Ko ={ps,ps,p6}
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Isomorphism between two groups

Definitions
Two groups of the same order, G and H, are isomorphic if there exists a one-to-
one correspondence between their elements

(g1 <> h1,92 <> ha,...)

and if the same interrelations exist in both groups,

if 9192 =93 then  hihg = h3

Example: symmetry operation of an equilateral triangle 2D Identité

Rotation de 27r/n selon l'axe z
Plan miroir défini par la normale ¢

D32y | E Cs Cgl o1 02 03
E E 03 Cgl o1 o) 03
Cg 03 Ogl E D) o3 01
Cgl 03_1 E Cs 03 01 09
01 01 o3 09 E Cgl 03
o9 o o1 o3 Cs E C3'
03 03 09 01 Cgl C3 E
01
1
pre bl ppeC3 p3o O3 Ps and Dz are isomorphic

Pe<>0y1 P5<>0p2 DP6 <> 0y,3

12



Point groups

Definition
Symmetry operations
Schoflies notafion



Point groups

Definition Group of symmetry operations leaving one point of space fixed.

Most relevant for systems lacking translational symmetry, like molecules or
crystals with a single defect.

Operations to consider

Elément Notation
3D Identité E
Inversion 1
Rotation de 27t /n selon I'axe 4 )
Plan miroir défini par la normale i o;
Rotoreflexion Sff) = JiCS)
2D Identité E
Rotation de 27r/n selon I'axe z Ch
Plan miroir défini par la normale 7 o;
1D Identité E
Inversion 1




Proper rotations

Preserve handedness (det=1)

N 4
S Pl

Identity operation

t t*
! !
: E :
Y Y
T x
Rotation operations
t *
| |
| ey e
Yy — Y
T T

15



I m p roper I'OJfCITIOnS Reverse handedness (det=-1)

Inversion inversion

N
N

N
[,

N
o-—————-——

|
!
|
!

16



Im proper rOII.Gll.Ions Reverse handedness (det=-1)

Reflection operations

N
N

r--—--- -

ol === F =

0z
0,
otk i e y — AT y
X X
Opération Description
Oh Le plan miroir est L a l'axe de plus grande symétrie
ov Le plan miroir contient I'axe de plus grande symétrie
Un plan 0y entre deux axes &
Od NOTE: lorsqu'il existe 2 familles de plan @y, on utilise parfois 04 pour
représenter le plan qui passe majoritaire ment entre les atomes

17



I m p roper I'OJfCITIOnS Reverse handedness (det=-1)

Rotoflections A rotation followed by a mirror plane

I\

(%2
N~

I

I I Note: n>2

| | S1=on
| I i Sy =
ek > ) T y




Exemple: H0

On cherche les €léments de symétrie laissant la molécule H;0 dans une
configuration indiscernable de |a configuration initiale.

La configuration d'une molécule est définie par les positions des noyaux
atomiques, car ce sont eux qui déterminent la forme du potentiel que I'on
retrouve dans I'hamiltonien. On suppose ces noyaux stationnaires.

Considérons systématiquement tous les €léments de symétrie des groupes
ponctuels compatibles avec la molécule H-0.

PHS3210 Spectroscopie



Exemple: H0

Les opérations lassant la molécule dans une configuration

iIndiscernable /
E7 027 Oy, O

v

Par convention, le plan miroir O est perpendiculaire au plan de la molécule.

PHS3210 Spectroscopie
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Exemple: Benzene

PHS3210 Spectroscopie
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Exemple: Benzene

Voicl les elements de symetrie de la molecule de benzene.

1) E? Bien s(r .
X
JC
e
d
2) 17 Oui : )
b of
d
3) Co? 2%

PHS3210 Spectroscopie
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Exemple: Benzene

4) C37 2x
5) C2? Oui
Note: C;! est la méme opération que
C2. On ne considere qu'une seule de
ces deux opérations.
6) C 7 3x b
C @ d
d I f
e

PHS3210 Spectroscopie 23



Exemple: Benzene

7) C'5 7 3x

8) S¢? 2x

9) 5312 b d d f
o o8 O

PHS3210 Spectroscopie
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Exemple: Benzene

10) on ! Une fois

| 1) Og? 3%

12) 047 3x

al
b i d
ce °Q
d
b
C a e
&

A

d

PHS3210 Spectroscopie
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Exemple: Benzene

Nous avons ainsi 24 éléments de symetrie.

On remarque que certains €léments produisent des configurations
identiques (par exemple E et ay). Il sagit de coincidences spéecifiques a la
molécule, car ces opérations sont fondamentalement différentes. Nous
gardons donc ces 24 €léments pour obtenir un ensemble formant un

groupe.

Par exemple, si la molécule n‘avait pas été planaire, les
configurations obtenues auraient é€té différentes pour chacun des
eléments de symeétrie. r

PHS3210 Spectroscopie
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Question

En énumeérant la configuration indiscernable de boules colorées dans
'espace, que faisons-nous exactement?

PHS3210 Spectroscopie
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L es classes

Les €léments conjugues sont souvent regroupes en classes, car ils possedent des
caractéristiques similaires.

: L =l gi and gj sont conjugué s'il existe gx permettant de
ApprOChe rigoureuse 9i = 9kGi satisfailj‘e cette relation.

Approche rapide

E et | forment toujours une classe composee d'un seul €lément. C'est aussi
souvent le cas pour Oh.

Cn et Gyl appartiennent a la méme classe s'il y a un @y, ou un C;
perpendiculaire a Cy. Ce principe s'applique aussi pour S, et Sy

Cn1 et Cy2 appartiennent a la méme classe si une opération du groupe
permet de les superposer. Ce principe s'applique aussi pour Oy et O.2.

Ainsi pour la molécule de benzene:

E, I, 2067 203, CQ, 30&, 305’, 2567 253, Oh, 30‘d, 30’&
Note: parfois, pour on écrit O, pour Ogq et Oy pour O ¢

PHS3210 Spectroscopie 28



8. Notation de Schoenflies

. . | 2 faces
Famille Schoenflies 20 faces fe

- - e R
Contient les opérations de symétrie d'un isocaedre (20 faces) ‘.’
cosaddre ou dodécaedre (12 faces) D

- | : Contient des rotations d'ordre 5, 3 et 2
- | : Contient aussi des S6 et des S10

. Contient les opérations de symétrie d'un octaedre ou d'un cube A
Octaedre

(cube) O (4C4, 3C3,6C)) N\
- On :inclut des rotoréflexions et un centre d'inversion
Contient les opérations de symétrie d'un tétraedre (4C3, 3C,).
Tétraedre T - Tq:inclut des rotoréflexion (S4).
- Th:inclut aussi un centre d'inversion

Contient n rotations d'ordre 2 perpendiculaires a C,
Diéedre Dn - Dn @inclut aussi n @y
- Dnh iinclut aussi un O,

. | N Yy 7 7/
Spfegle S Contient I'élément Sp.
(miroir)
Contient un axe de rotation C,
Cyclique C. - Chviinclut n oy

- Coh tinclut un 01 perpendiculaire a I'axe de rotation
- Ci:n'inclut qu'un centre d'inversion

PHS32 10 Spectroscopie - Hiver 201 |



Rappel: projection stereographique

Projection stéréographique
Pour construire une projection stéréographique, il faut

1. Placer I'objet 3D au centre d'une spheére, dans le plan équatorial. L'axe de plus
grande symétrie doit coincider avec 'axe N-S.

2. Tracer une ligne de l'origine (O) jusqu’a la surface de la sphére (P) en passant soit
au centre d'une des faces de I'objet ou par la position des atomes. (Figure 3.14).

3. Si P est dans 'hémisphére nord, tracer ensuite une ligne de P jusqua S. Si P est
dans 'hémisphere sud, tracer une ligne de P jusqu’au point N.

4. Répéter pour chacune des faces ou des liens atomiques, tel qu'illustré a la figure
3.15

La projection stéréographique est donnée par tous les points formés par les intersections
des tracés avec le plan équatorial. Si cette intersection provient de I’hémisphere nord
(sud), celle-ci sera identifiée par un + (o).

De facon tout a fait équivalente, il est possible de générer une projection stéréographique
a partir des opérations de symétrie caractérisant un groupe.

PHS3210 Spectroscopie

Figure 3.14: Les principes permettant
de construire une projection stéréogra-
phique.
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Rappel: projection stereographique

PHS3210 Spectroscopie
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Les groupes ponctuels: Triclinique: C; et C

Objet

Proj.
stéréo.

Exemple

- —
- S~

~ -
NNNNN

K-
2

CHFCIBr

———
- S~

S »° o
N 4 AL N
\ / \
\ / \
A / \
\ I \
| ( o |
I 1 I
! \ !
/ \ /
/ A\ /
/ N\ o 7
/ Y /
’/ \\ ,/

S~ -
_____

HCIBrC-CHCIBr

PHS32 10 Spectroscopie
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Monoclinique: Cs, C; et Con

ue
R N ®
0 5
. ’ \
Proj. ] [
/ / ' - . -
stereo. 1 H
\ ‘
' "_
\\- t"/ D
plan miroir dans le aucun p/c;n miroir dans le
plan de la page plan de la page
Exemple
SOCh H,O» trans-1,2-Dichloroethene

PHS3210 Spectroscoplie 33



Orthorhombique: Dy, Coy et Doy

Objet

Proj.
stéréo.

Exemple

D> Do

PHS32 10 Spectroscopie 34



Tetragonal: Cq, S4, Can et Dy

35
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Tetragonal: C4y, D2g, €t Dan

Objet

Proj.
stéréo.

Exemple

Fe(CN)sNO

PHS3210 Spectroscopie




Trigonal: C3, S¢ et D3

C3

Objet

Proj.
stéréo.

Exemple

PHS3210 Spectroscoplie
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Trigonal: C3y, et D34

Objet

Proj.
stéréo.

Exemple

PHS3210 Spectroscoplie
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Hexagonal: Cs, C3n, Cen, €t Ds /J\,/\/\

Ce Csh Ceon De

Objet
e \
- -
. ' + T
Proj. s+ PANEICIVAN
L, ' Y %O NS +\
stereo. ! . oy e N/ %y
) f ~ -~
§ ; - &
1 'l \ Ci,/ /) \\i. /
* . -+ \’ + .// ; \\ 0%
P ~ /./ 0‘4_ \ 7
....... -._ | _&

z?nh

OHO

oo
OHg
Exemple )/§OH"°'°“ X S\f
OH!O
OH

HO
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Hexagonal: Cey, D3p, et Den /J\'/\jk

Céy BER Den

Objet

Proj.
stéréo.

Exemple

PHS3210 Spectroscoplie



Cubique: T, Thet T4 f/\’/\/\

T Th T4

Objet \

Proj.
stéréo.

Exemple

PHS3210 Spectroscopie



Cubique: O et Oy

Objet

Proj.
stéréo.

Exemple

PHS3210 Spectroscopie
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Non cristallographigue: Cs, Ds et Cs,

Cs Ds Csy

Objet

l" + ¥ Y

S+ *
Proj. ' \
stéréo. ' =

\‘ L 'l

“\ + e ’
Exemple

PHS3210 Spectroscoplie
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Non cristallographique: Csp, Dsq et Dsh

Csh Dy, Dsq

Objet

Proj.
stéréo.

Exemple

PHS3210 Spectroscoplie



Non cristallographique: Sg, D44 et Ded

Objet

Proj.
stéréo.

Exemple

PHS3210 Spectroscoplie
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Non cristallographique: | et I /J\,/\/\

/ In

Objet

Proj.
stéréo.

Exemple

PHS3210 Spectroscopie



In: 1 20 opérations de symétrie

PHS3210 Spectroscopie
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Non crist.: Coo, Cooh, Coov €t Doon f/\’/\jx

Coo Cooh Coov DOOV
Objet
Proj.
stéreo.
Exemple
G0 CO»

PHS3210 Spectroscoplie 48



Les 32 groupes ponctuels (cryst.)

Famille

Cubique

Tétragonale

Orthorhombique

Schoenflies

On
T4
O
Th
-
Dan
D2
Cav
D4
Can
S4
Ca
Don
Co
D2

Ordre Internationale
48 m3m
24 43m
24 432
24 m3

12 23
|6 4/mmm
8 42m
8 4mm
8 422
8 4/m
1 4
4 4

8 222
4 mm?2
4 mmm

PHS3210 Spectroscopie

Opérations
E, 8Cs, 6Cy, 6C4, 3G, I, 654, 8S¢, 301, 6074
E, 8Cs, 3C,, 654,604
E, 6C4,8C3, 3¢, 6
E, 8Cs,3C,, 30, 1,856
E, 4C3,4C32, 3¢,
E, 2C4, &, 2C,, 2G50, 1, 254, O, 20, 204
E, 254, &y, 2C)), 20y
E, 2C4, &, 204, 204
E 2C4 &, 2C, 2607
E, Cs4, Cp, C43,1, 543, O, S4
E, S4, Cy, S43
E, C4, &, C43
EC, &G i o,0,0"
ECyo/ 0/

E C, G, G
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Les 32 groupes ponctuels (cryst.)

Famille

Hexagonale

Trigonale

Monoclinique

Triclinique

Schoenflies
Den
Ds3n
Cev
De
Cen
Csn
Ce
DE
Cav
D3
Seou G3;
G
Con
)
Csou Cin
Sy ou G
C

Ordre Internationale
24 6/mmm
12 6m2
12 6mm
12 622
12 6/m
6 6
6 6
12 3m
6 3m
6 32
6 3
3 3
4 2/m
2 2
2 m
2 1

Opérations
E, 2C¢, 2C3, Gy, 3C, 30", 1, 2S5, 256, O, 304, 30y
E, 2G5, 3C,, On, 253,30y
E, 2C¢, 2C3, &y, 30y, 304
E, 2C, 2G5 G, 3C, 37"
E, Cs, C3, Cp, C32, Ce2, 1, 532, S¢2, O, Se, S3
E, Cs, C32, On, S3, 532
E, Ce C3,Cp, C32, Co?
E, 2C3,3C,, 0, 256, 304
E, 2G5, 30y
E 2C3 3G
E, C3 G321, S¢°, S
E G5 C32
E Gyl 0
EC
E, On
E, |
E

PHS3210 Spectroscopie
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Les groupes ponctuels (non-cryst.)

Famille

Non
cristallographique

Schoenflies

I

|
Ded

Dsh
Dsq
Dad
Csh
Csy
Ds
Ss
Cs
Dooh
Coov
Cooh
Ceo

Ordre

120

60
24

20
20
16
10
10
10

3 | 8 8

3

Internationale

oo/mm
oo/m

0o/m

Opérations

E, 12Cs, 12Cs2,20C3, 15C,, i, 12S10, 12S103, 20Se,
|50
E, 12Cs, 12Cs2,20C3, 15C,

E, 2512, 2Cs, 254, 2C3, 25122, G, 67, 604
E, 2Cs, 2Cs2, 5C,, O, 255, 2552, 504
E, 2Cs, 2Cs2,5C,, 0, 2S10, 25103, 504
E, 2Sg, 2C4, 2583, (5, 47, 404

E, Cs, Cs2, Cs3, Cs*, Oy, Ss, S5/, Ss3, Ss?
E, 2Cs, 2Cs2, 50,

E 2Cs, 2Cs2,5C;

E, Ss, C4, Sg3, Cy, Sg>, C43, Sg’

E, Cs, Cs2, Cs3, Cs

E, 2Co0p, @0, I, 250%®,00C

E, 2Coop, 000V

E, 2Cx®, i, 2S00®

E, 2Cx®
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Exemples

Y

(pyramid)

Dnh

> > b PPl
%
%

(plane or bipyramid)

?P

0D

K

g dh

a
P-4
A |

{ b

L T

PHS3210 Spectroscoplie
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| 0. Détermination du groupe ponctuel

DEPART

+——Nnon

oui ———»

Plus d'un axe de rotation d'ordre >2 ?
(Axes non paralleles)

d'ordre n)

Au moins un axe de rotation
d'ordre >1 ? (= axe principal

Plans de symétrie ?

. Axe d'ordre 2 perpendi- Axe d' Axe d'
Plan de symétrie ? | o jgirea I'axe principal ? orderc 57 or:rc 57
> Cs » J » Ih
Plan de symétrie Plan de symétrie . \
g:"m rsion ? perpendiculaire a perpendiculaire a Axe d Axe d
nversion I'axe principal ? I'axe principal ? ordre 4 ? ordre 4 ?
C; «—= S; » Cnh » Dpp T «—— 0 » Op,
Plan de symétrie Plan de étrie Axe d'ordre 3
paralléle a paralléle dans les plans
l'axe principal ? l'axe principal ? de symetrie ?
* Cho Dy «<——» Dnd Th «—— T4
Centre
d'inversion ?
» Cni(Srn)
Axe de rotation

impropre (rotationsinversion) 7

Cn «— Sp

PHS3210 Spectroscopie
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Détermination du groupe ponctuel

Molecule

Inclut Sp
Axes non
paralléles

* Select C,with
highest n; then, is nC,
perpendicular to C,?

54



| 1. Chilarrté

Définition |

Une molécule est dite chirale si sa réflexion n'est pas
identique a elle méme.

PHS3210 Spectroscopie
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Chilarité

M\

Définition |l

Une molécule est dite chirale si elle ne possede pas de
rotoreflexion S, (O, 1, 53, 54, ...)

.9

PHS3210 Spectroscopie
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Une molécule chirale

- Existe sous deux formes appelées énantiomeres

- Les énantiomeres présentent un pouvoir rotatoire (activité
optique)

- L'énantiomere d et | tourne la polarisation de la lumiere dans le
sens antihoraire et horaire.

- Un mélange racémique (concentration égale des deux
énantiomeres) perd son pouvoir rotatoire.

- Les deux énantiomeres ont parfois des proprietés chimiques
remarquablement différentes.

PHS3210 Spectroscopie
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Space groups

Definition
Symmorphic and non-symmorphic
From space groups To point groups

Les groupes d'espace sont essentiels pour I'étude des propriétés des matériaux
cristallins. Malheureusement, nous n‘aurons pas le temps ici de couvrir ce sujet.



Invariance of the Hamiltonian

Definition The symmetry operations characterizing the invariance of an Hamiltonian

h? 5
H=_——"
QmV + V(r)

form a space group. This group is composed of three types of operations,

Pure translations T = N,a _|_ nbb _|_ NeC a, b, and c are the primitive translation vector
Pure rotations -E -
- CZI C3I C4I voe Cn -0
-Sn (n>2)

Composite operations

Screw axis:Rotation followed by a fractional translation along the
rotation axis

Glide plane: Mirror plane followed by a fractional translation
along a direction in that plane




Space groups

Space groups

Crystal Crystal point space bravais Lattice
family system i el L I e groups groups lattices system
Triclinic None 2 2 1 Triclinic
Monoclinic 1 twofold axis of rotation or 1 mirror plane 3 13 2 Monoclinic
Orthorhombic 3 twofold axes of rotation .or 1 twofold axis of rotation and 3 59 4 Orthorhombic
two mirror planes.
Tetragonal 1 fourfold axis of rotation 7 68 2 Tetragonal
7 1 Rhombohedral
Trigonal 1 threefold axis of rotation 5
Hexagonal 18
1 Hexagonal
Hexagonal 1 sixfold axis of rotation 7 27
Cubic 4 threefold axes of rotation < 36 3 Cubic
Total: 6 7 32 230 14 7
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From space groups 1o point groups

Space group symmetry operations (Seitz notation)
Lattice translation Pure translation

/ v
{5|Ta} = {S|T + T,i} = {EITHS|7s}
Pure rotation if ts=0

General Fractional translation Composite operation if not

Rotation .
translation

Symmorphic groups: with a proper choice of origin, ts=0 for all S

*The 74 symmorphic space groups are obtained by combination of the 32 crystallographic
point groups and the the 14 Bravais lattice. Rotations and translation form two independent
subgroups of the space group.

*Here, translations can be “factored out” by considering the crystal like a giant molecule and
the point group theory is sufficient to describe the physics occurring in the crystal.

Non-symmorphic groups: ts#0 for some S

*The remaining 156 space groups are generated by replacing rotations with screw axes and
mirror planes by glide planes in the 74 symmorphic groups.

*The point group cannot directly be used as above. However, with a suitable choice of origin,
rotations and composite operations can be shown to form a group (factor group) which is
isomorphic to a crystallographic point group.

*We can still use point group tables, but we have to remember to consider the effect of the
fractional translation on wavefunctions.
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Point group theory

Character table and irreducible
representations
Representation theory
Great orthogonality theorem



The character table of Csy

; Ov,1

Symmetry operations grouped in classes

Group / ?3,031}{ }
\‘ / Oyl, 0v25 003

rreps Cs, E 203 30, 1 2
\ Aq 1 1 1 01 Oz x? 4+ 92,522
Ao 1 1 -1 R,
E 2 —1 0 D(xay)a(vaRy) ':'(:cy,aj2 —y2),'j(zx,yz)

/ /

Characters Elementary functions transforming like these irreps



Irreducible representations (irreps)

Definition
Basis through which all the properties and phenomena can be decomposed (electronic
states, vibrational states, ...).

Irreducible?

An infinite number of representations exists, irreducible representations provide the most
convenient and simple basis to work with.

How many irreducible representations?

The number of irreducible representations equals the number of classes.

Example

The group Cay has 3 classes and three representations.

Cgv E 203 30'1)

A, 1 1 1
Ao 1 1 -1
E 2 -1 0

* no spin yet
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Representation theory

For our purpose, group elements are symmetry operations leaving a Hamiltonian invariant.

These spatial transformations can naturally be represented by matrices.

For the group G={91,92,93,---}

we can build a representation Square matrix of dimension |

D = {D(g1), D(g2), D(93), .-}

The faithful representation D is composed of h square matrices of dimension / isomorphic
with the group elements. That is,

99 =9k then D(g;)D(g;) = D(gx)
Identity matrix of dimension |
The condition EE=E reveal that D(E) — 1/

and it can be shown that D(gl_l) = D(gl)_l

There exists an infinite number of representations whose dimension can vary from 1 to infinity



A first representation for Casy

Oy,1

We can generate a representation by expressing the effect of these transformations on

a position vector (/=3): (x,y,2)

1 00 (-1 0 0
D(E)=|0 1 0 D(o,1)=|0 1 0],
0 0 1 0 0 1
-1/2 —/3/2 0 [ 1/2 —V/3/2 0
D(C3): \/3/2 _1/2 01, D(UU,2): _\/3/2 —1/2 0],
0 0 1 |0 0 1
-1/2 V/3/2 0 [ 1/2 V3/2 0
D(C3Y) =|-v3/2 -1/2 0|, D(ou3)=|V3/2 -1/2 o].
0 0 1 | 0 0 1
Cgv(la,Ql) D(E) D(Cg) D(Cgl) D(O’v’l) D(O’mg) D(O’v,g) xv7) ic i . .
D(E) | D(E) D(Cs) D(C;") D(0v1) D(ouz) Dlons) Dwlis isomorphic with the
D(Cs) | D(Cs) D(C;Y) D(E) D(o,2) D(oys) D(o,1) group elements G
D(C;") | D(C3Y) D(E) D(Cs) D(oys) D(o,1) D(o,3)
D(o,1) | D(ov1) D(ov3) D(oy3) D(E) D(Cil) D(C3)
D(O‘v’g) D(O’v,g) D(O’v’l) D(O’ug) D(Cg) D(E) D(Cgl)
D(av,3) D(UU,B) D(av,2) D(Uv,l) D(Cgl) D(CS) D(E)
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A second representation for Cay

; Oy,

We can generate a different representation using a different object. Using a
pseudovector (=3): I=rx p = (ly, Iy, 1,)

1 00 1 0 0
DU=ll)(Ey=10 1 0], DUl (g, ) =10 -1 0 |,
0 0 1} 0 0 —1]
-1/2 —/3/2 0 [-1/2 V3/2 0
DUl (Cy) =372 -1/2 0|, DUWb(g,5)=(/3/2 1/2 0],
0 0o 1 |0 0o -1
~1/2  V3/2 0 [ -1/2  —V/3/2 0
D(lm,ly,lz)(cgl): _\/5/2 _1/2 0], D(lw,ly,lz)(av’S): _\/§/2 1/2 O],
0 0o 1 0 0o -1

Dxly12) js also isomorphic with the group elements G, yet it is different from Dxy.2),
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Yet another representation for Cay

Oy,1

PZQ Cl'

We can generate representations in an infinite number of ways.

Basis

[ Atom in P1]
Atom in P2
Atom in P3
Atom in P4

_Atom in P5

—

1
0
DWY)(E)=|0
0
0

0

1

D) (C3) =10
0

0

0

0

D) (c3h) =1

0

0

S o O = O

OO = OO

S oo O

oo = OO

OO OO

o oo~ O

O RO OO

O = O OO

O RO OO

_ o o O Ol

D(V)(gv,l) -

D(V)(O'U,Q) -

y D(V)(Jv,3) =

This representation is also isomorphic with the group elements G!

\B 1

\B

SO R OO OO R OO CoC o -

r

S OO H O OO OO OO OO

S OO O R OO R OO oo O

SR OO OO R OO OoOOoO RO OoOo

l L

l L

_— OO OO R OO RO Oo oo




Towards irreducible representations

There exists an infinite number of possible representations. We want to find out the
most convenient representations.

Equivalent representations

» Two faithful representations of group G, D and D', are equivalent if there exists an
isometry S such that,

D' ={S'D(¢1)S,8 'D(42)S,S'D(g¢3)8,...},

If no such isometry exists, then these representations are inequivalent.
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Two equivalent representations

Oy, @
10 0 1 0 0 100 [0 1 0
_ D(;c’7y'7z') E) = 1 D(:c 2" |1

D(E)=[0 1 of, D@,1)=|0 1 o], (E)=10 10 (c1)=[1 0 0],
: 00 1 00 1

0 0 1 0 0 1 ) 4 o 1

-1/2 =V3/2 0 [ 12 V32 0 5 ~5 0 -7 -3

(ZE,, ,,Z,) (:E Z)

D(C3)=|v3/2 -1/2 0f, D(ow2)=|-V3/2 -1/2 0], D) (C5) = | 43 —% of D@ (op)=| L L
0 0 1 |0 0 1 0 1 L0 0

-1/2 V32 0 [ 1/2 V3/2 0 o -1 @ 0 . NI
D(Cs')=|-v3/2 -1/2 0|, D(ou3)=|v3/2 -1/2 0] DSy =B 1 g| DEW(og)=| 1 s
0 0 1 | 0 0 1 ¢ T 1 ¢

lD—‘O O“HO O‘

These two representations are related to the following isometry,

11—10

S=—|1 1 0
\/5001
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Towards irreducible representations

“Sum” of representations

Two representations, D' of dimension I'and D” of dimension I”, can be added together
to form a new representation D of dimension I'+1”,

D-D'oD"
={D'(g1) ® D"(91), D'(g2) ® D"(g2), ...}

:{[D,(gl) 0 ”D’(gz) 0 ] }
0 D"(g)|’| 0 D'(g2)| "
\

Null matrix Note the Block diagonal form!
Reducible representations

A representation D is reducible if there exists an isometry such that D can be expressed
as a sum of two representations

In other words, a representation D is reducible if there exists an isometry such that D
can be brought into a block-diagonal form.

Irreducible representations

A representation is irreducible if it is of dimension 1, or if it there is not isometry
allowing to express it with a block-diagonal form.
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Is DXy.2) reducible ?

1 0 0
D(E)=|0 1 0],
0 0 1
-1/2 —/3/2 0
D(Cs)=|V3/2 -1/2 0],
0 0 1
~1/2  /3/2 0
D(C3Y)y=|-v3/2 -1/2 0
0 0 1

D(Uv,l) =

D(O’v’g) =

] , D(O‘U’g) =

(-1
0
|0
[ 1/2 —/3/2 0]

o = O
— O O
—_—

-/3/2 -1/2  of,
0

0 1

12 V32 0
V32 -1/2 0].
|0 0 1
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Is D&Y.2) reducible ? Yes

Yes, since it is block-diagonal

We have

1 0| 0]
D(E)=|0 1] 0],
0 0 1
[ -1/2  —/3/2| 0
D(Cs)=|/3/2 -1/2| 0
|0 0 1
- -1/2 V3/2] 0]
D(C;Y)=|-v3/2 -1/2 |0
0 0 |1

D(xayaz) — D(may) ® D(Z)

DO ={[1]. 1], [1]. (L[] 1]} srrecucivre

1 0],
0 1

DY) = {[

|

-1 -3
V3

-1

-1

E

D(O'Ujl)

D(O-U’Q)

D(O’v’g,)

Wl

0

Is this reducible?

-1 0] 0]
0 1] 0],
0 0|1
1/2  —/3/2| 0]
—/3/2  -1/2 | 0
0 0 1
' 1/2 V3/2) 0]
V312 -1/2 1 0].
0 0 | 1
-1 0] _[ 1 -3
1’2]-vV3 -1




Cgv(l —,21) D(E) D(Cg) D(C?:l) D(Uv,l) D(O‘v,g) D(O’wg)

i D(E D(E) D(C3) D(C3;Y) D(o,1) D(ov2) D(o,3)
IS DY) reducible ? Yes D<(03)> D((03)> D(C;") D(E) D(ovs) D(ows) D(owr)
D(C5Y) | D(C3Y) D(E) D(Cs) D(oy3) D(oy1) D(ov3)
D(O’le) D(Uv,l) D(O’ug) D(O’U73) D(E) D(Cgl) D(Cg)
D(0,2) | D(0v3) D(0w1) D(ov3) D(C;) D(E) D(Cy')
D(oy3) | D(ow3) D(ov2) D(0v,1) D(C3Y)  D(Cs) D(E)

Is there an isometry such that all the matrices of this representation,
DY) _ L o (-1 -3 -1 V3| [-1 0 1| 1 /3 AR V3
= 0 11’2 \/§ -1 ’ _\/g -1 ’ 0 11’2 _\/g 1 ) \/g _1

can be simultaneously diagonalized?

N[

For 2D representation, the task is simplified by the fact that block diagonal 2D matrices
commute. Therefore, we need to find out if there exists an isometry

a b
s[4
that generates a representation D’ such [D'(g;), D'(g;)]=0.

(D7 (g0), D"(g;)]
= (S7'D"Y)(g;,)8) (S D™¥)(g;)8) - (S D™¥)(¢;)8) (S D™¥)(g;)S)
= SID" (g) D" (g;)S - ST D (g;) D (g:) S
Multiplying on the left by S and on the right by S
= DU () D (g) - D () D (g;)

This is equal to zero only if operations, gi and g commute. This is not the case here and this
representation is irreducible.

What can be said about abelian point groups? 4



Is DIxly.lz) reducible ? Yes

1 00
DUl (EY={0 1 0], DU=lvl=) (g, 1) =
0 0 1
-1/2 —V3/2 0
D(zm,ly,lz)(CS): \/§/2 _1/2 0}, D(lx,ly,lz)((jv,Q):
0 0 1 .
12 V32 0
DUt (C3h) = =v3f2 -1/2 0, DU (g, ;) =
0 0 1

We have  DU=lvilz) — plaly) o pliz)

(—1/2 /3/2

D) = 1], [1],[1],[-1],[-1],[-1]} irreducible and new

D (Lasly) — D (%) 1o equivalent representations



Reducible ?

s this representation of C3v reducible?

1 0 O 0 0 -1
D(E)=|0 1 of, D()=l0 1 o],
0 0 1 -1 0 0
0~/ - 0o Vi
D(C)=5\3 -1 i D@H=3|+/F 1 -/
3 3
-1 /2 0 1420
3 3
1 /2o 1 /2 o
D(e) =4[5 -1 3| Dew=i[\3 1 V3|
3 3
0 /2 1 0 /2 1

It is not diagonal, but the following isometry transforms this representation into a
black diagonal form,

This isometry corresponds to a rt/4 rotation around y.

Sl
[\V)
I
—_ e
O = O
_ O

This particular representation is equivalent to Dxy.2)
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CJv irreducible representations

By playing around, we have found the 3 irreducible representations of Ca.

D& = {[1], [a], [1]. [L] [2] 1]}
(”-{[1] (1] B [ s [

o={lo Sl 20l A ks )
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CJ3v character table

Let's organize these representations in the form of a table.

Cgv E 03 03_ ! Ovl Ov2

D (1] 1] 1] 1] 1]

pt | ] 1] 1] S
I v S T v B P Y




| es caracteres

Définition
Le caractere d'une représentation D(gi) est simplement la trace de la
matrice

x(9:) = Du(g:) = trD(g:)

Caractere l Trace

Deux représentations semblables, D et D’, c'est-a-dire deux

transformations reliees entre elles par un changement de base, possede
le méme caractere.

Ainsi, on utilisera le caractere plutdt que la matrice elle-méme afuib de

saffranchir des particularités de la base choisie pour déterminer les
Irreps.

PHS3210 Spectroscopie
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CJ3v character table

Let's organize these representations in the form of a table.

C3v E 03 03_1 Oyl

D [ 1] 1] 1] 1]

pt | 1] 1] 1] 1] 1]

D(@:y)

SEERHEE R I

3
-1 2

—

v

It can be shown (using the GOT) that all equivalent representations have the same character (or

trace).

C3y E C3 C;' 04,1 0w 03
D) 1 1 1 1 1 1
DU=) |1 1 1
Dy) | 9

Furthermore, conjugate operations always share the same character.

Cgv E 203 3O'U
D) 1 1 1
Dt |1 1 -1
DEY) | 2 —1 0
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CJ3v character table

Mulliken's notation (*not always respected)

R. S. Mulliken, J. Chem. Phys., 1955, 23, 1997; 1956, 24, 1118)

Symbol

Property

A

1D representation.
Symmetric with respect to rotation around the principal rotational axis

1D representation.
Anti-symmetric with respect to rotation around the principal rotational axis

E

2D representation (“‘entartet’)

T

3D representation

subscript 1

symmetric with respect to a C (1st choice) or vertical mirror plane (2nd choice) perpendicular to the
principal axis.

subscript 2

anti-symmetric with respect to Cz (1st choice) or a vertical mirror plane (2nd choice) perpendicular to
the principal axis.

subscript g

symmetric with respect to a center of symmetry ("gerade")

subscript u

anti-symmetric with respect to a center of symmetry (“‘ungerade)

prime (')

symmetric with respect to a mirror plane parallel to the principal rotational axis

double prime

(")

anti-symmetric with respect to a mirror plane parallel to the principal rotational axis

C3v E 203 3O'U
Ay |1 1 1 z
Ao 1 1 —1 [
E |2 -1 0| (@)l

I\
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Let’s take a shorter and foolproof approach

Sum of group

elements

ZD(“

(9:)

Matrix
element

la

Dimension of irrep a

_5a,a’5p,p'5q,q/

D3h E 2C3 ;gz g: 2S3 ;g: E | 2-C3 2-S;
Al | | | | | | | | |
A | | - | | | | | |
E 2 - 0 2 - 0 2 - -
A" | | | | | | | | N
A" | | - - | | | | ]
E" 2 - 0 2 | 0 p) | |
Ein 2 | 0 0 | V3| 0 | -2 | -1 |-/3
= 2 | 0 V30 | 2 | -l |3
Esn 2 -2 0 0 0 -2 2 0
Great orthogonality theorem Irrep a Order of the group
‘/ (D) (g)) = &
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Great orthogonality theorem

The approach we have used to build the character table of Csy works, but it becomes
tedious to find the irreps of larger point groups. We will instead use the sophisticated
tools of group theory.

From these properties and lemma,
1) Representations are composed of unitary matrices
2) Shur’s first lemma (irreducible representations)
A representation D is irreducible if the the only matrix simultaneous
commuting with all the matrices forming D takes the form M=c1.

3) Shur's second lemma (two non-equivalent irreducible representations)
Assuming two irreducible representations D and D@ of dimension |; and |,
and the following relation,

MDW(g;)=DP(g)M Vg; G.

 Ifl4is different than |, then M=0

« Ifl1=ly, the representation are irreducible if M=0. Otherwise, they are
equivalent.

we can derive the great orthogonality theorem.

83



Great orthogonality theorem

Two unitary irreducible representations, D@ and D(@) always satisfy the great

orthogonality theorem.

Order of the group
Irrep a

o h
ZD( (gz) (D( )(gz)) —_5a,a’5p,p'5q,qf

’\ ba
Sum over Matrix
roup elements Dimension of irrep a
group element P

As we find it convenient to work with characters, the GOT can be used to derive two
orthogonality relationships

First little theorem Second little theorem Order of the grou
Character of irrep Sum over irreps sroup
Sum over classes a and class i /
/ V@ (1) (@) > D) () = — e,
Zn ()" x** 7 (Ks) = hdaa : 3T gy Rk
\ o
Number of Character of irrep

elements in this a and class i
class



Irreps and Classes behave like orthogonal vectors

First little theorem (orthogonal irreps)

Z n(K)x' () x ) (Ks) = hégar

Second little theorem (orthogonal classes)

Z (K h

>|< (a) ICJ) _

(i) K

(00 = /n(K;) (K

With
and Vlgj :\/n(lCi)x(O‘ (/C
then
% Scalar product ,
SOV = VT v < koo
K, Orthogonality
with Vi = (@) (1)

SOV — v __h
o Scalar product n ( 7 )
Orthogonality

85



Graphical representation of theorems

Second little theorem:
orthogonality between columns

h

(oa) )* (oz)

ZX ICJ) 'n,(lCz)
M
First little theorem:

orthogonality between rows Cgru E 203 30@
Ay 1 1 1
S -m Oyl |1
E 2 -1 0

0K, ,K;
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How to calculate character tables

1) The number of irreps equals the number of classes.
2) All groups include a 1D totally symmetric irrep (A1, A1, Ag, ).
3) The character X(@(E) is always a positive integer (real and non-zero).

4) The product of classes can always be expressed as a sum of classes

Kio Ky = Jeslke  n(Kx D (Ki) n(Kp)x'™ (Ky) = da p_lenn(Ke)x" (Kx)

k k

« h
5) The second little theorem Z X(a) (Ks) X(a) (ICj) — n(IC;) 5IC¢,ICJ-
*Always apply on class E first* o v

<a) (@) () =
6) The first little theorem Zn o) ' (K;) = hdgo
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La table des caracteres du groupe Cs,

Eléments de symétrie: E, Cs, C3 ', 0u1, 02, 0u3

Ordre du groupe: h=26
Nombre de classes: 3
1) On ajoute la représentation infidele. =
3v
Al
12
3
2) Le 2e PT appliqué sur la classe E donne
1+ |al* +|b)* =6 Cay
Puisque a et b sont les dimensions des A
irreps, Ils doivent nécessairement étre -
réels. Ces dimensions sont |et 2. 3

PHS3210 Spectroscopie

C |

N | — | — |

2C3

30y
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La table des caracteres du groupe Cs, f’\f/\/&

3) Appliquons le produit de classes sur la classe C3. C; - C; = ZCSCS

(C3+C3") - (C3+C5")=C3"+E+E+Cs
=2E+1(Cs+C35')
Continuons avec la relation

g(C)x'V(Cy) g(CXP(Cy) = dy Z csg(Co)xV(C

appliquée alirrep b 2¢-2c¢=1(2-1-1+1-2-¢) Attention: la solution
A2 . c=1 est parfois un
0=4c 2c—-2 = C = —1/2 nombre complexe.
appliquée alirrep s 2d-2d=2(2-1-2+1-2-d)
0=4d* —4d — 8

Cay E | 2C s
= 4=-1 A3 o | 3?
d=2 |
A |'a; |
A laide du Ire PTO sur la classe C3 on trouve ’ | | <
aussi 1+ cf>+1d* =6/2,donc c=1 d=—1 5 [ 2 | -1 | f

PHS3210 Spectroscopie 89



La table des caracteres du groupe Cs,

4) Le ler PTO sur A et I donne Cav
1'1'1-'-2-1-1—'—3.1.6:() A|
= e= —1 2

5) Le le PTO sur Ay etls

C3v
1-1-24+2-1--14+3-1-f=0 Al
: f — O |2
3
6) La notation de Mulliken Csy
A
A2
E

PHS3210 Spectroscopie

No

N | — | — |

N — | — | m
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The D3h character table

‘6%9 O&\\\

Y Saw\»f)%\% Q‘QXSA'{G\L%:
e, C !

.SIC:S(/ C;. (C)\&CC;}IS"\I Sé (SS-(, g
6 Ocdax o&*\o, Fong ¢ W=0Q

0 Dounex o& Qossop ¢

VWO o WS “QQQJM
555 Alusosyr- Suge [mﬁiumm@

5C. G4 heeowe & &G or O
SCuGh Gy lamsa A Cs
w X e Jomai, tocase, lut
304, g Cﬁﬁ[ﬁ% o )

§ 35053% VomMQ—O% Cy o oo

go-vg_ ,073.035% Yo case dﬁ C,
SSoules 0% cRassel =4
— 93\3\@&1\0% )Nﬁsg% =6

Cy = Cy1Cy5 ' Coy
Co = 03_102203
Coz = C5 ' Ca3C;
S3 = Uv153_10u1
op1 = Cy 0253

—1
Oyp2 = 83 0@353
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The D3h character table

Da| B G 3G Sw Dy 30,

We vad T ddeswive Hooo Lxd=36 clprontbrs .
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The D3h character table

o Lels odd e j&m&? %w@i;o wﬁiiﬁl/\

el E W 3G Su By 3oy
A Y
oLy o
Xy, W
'» N
Hs &
o, _

o [Ss o{)\sx\'a, e T ST on doss ©
S oPE) XP(B) = 1+ o« [wRe [ W[ e lef* = 130

vnal 3 T sadukion ?
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The D3h character table

Leds wse R Btmjt Aok Lo se Gl.\se_ Aesasfus
ale- '?os.z,'k'(\\f_, 1/\/\'9:064225 ¢ 1273 ... W&&?

Hemee | t\&,cm%, seodilion. o Lelel+le¥wd =0

g
"
£

3G Sw D5y B0y,

YA

4 1 A A

—_—

G?
r@plAlAﬁlﬂ
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The D3h character table

e Lello walliply Aoss 3G wifh l’ts%.

%C_s . C\;:%G)%c&%-% =, OEOED = &EES © ?Cs,cs"g

ot o Hue c&zmm’w)sl’\?m \‘EMIGY\,
NG X () n(E) XU =du D G n(RYXI(KY
ke

For oy, yGond oy, dy=T amd we gdF MQW@'\
s > = . @ + ] 0&)
Hé@ 1 (:;:Lx:fa 13%}

4= 2+Ax = o x=-

U\S\L?
for dsond 8, , dy=d ad wb\&%&ﬂmeeﬁpoﬂxm

ECRIENCER ORI 4 )

&

"fta%‘é“/a = y=-1 or 4=2
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The D3h character table

To dadanme tue cowesk soludion mLCQN\O\Q\«L.é, tho_ QST
on Josd Cq,

_i IGL')[C%)* DCCACCS) _ ,‘f; - G
o o
1 1xlel oot =G

Tie @A&me@@h el 3o Por teY Lol daseslms
cﬁe,escsusﬂ: -1

Dul| B [ 26 w2y 3o,
Al S 1 A 1 gu A
LN L 1
%y, ] 4
Wl 4|2
Ag Q | -1
X, [\Y l_:\\
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The D3h character table

PARS SN Mm\,x% Aosd G wit fosd{{.

20;3 ® ;6% =1 g\’—}) amd Ne doemu oo selodisn_
) X () 1) X) < |1 nfB) 1E)

3c“°3(<>g1 - 4 X9E)

For evepr Wil o=, LP(EFL ond don XP(5)=t1
For dmggs WW 4=d | TUE)SY omd e XCHoR)= £

Da| B W 3G [ |25 3o,
Alow 1 A
LN 1 1 1or-)

%y 11 Loc-l

" 1 1 1 oe-1

e | o -1 Yor -

X ¥ -1 For-y

97



The D3h character table

Leds waws a\»‘d@\& AUCT on E and S
2 X E) (s =0

T aaduXion 2%

Da| B G 326G [ow | 25 3o,
Al S S S I U B U
o4y, R S
Xq, 1 1 S
A 1 1 ele"- -1

N S B o

)
Q
)
(0
\l
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The D3h character table

Da| B & 3G S Dy 30,
A

A S G S W
O O 1
Xy, 18 1 S e* S
1, 1 4 & i _pitt
X Q -1 O Q
U N @ —o~
N | /C % eﬂw/ Sawe—
¢ LOT on & ond &,
Led o o0 S8y o
Ve (808) =D =2 Oyl =7 [
e ITIST o A wd g otiar sclutich

S

de s 56*‘6“-1 * :—)Gf'e& —36-; =0
D+ 3AEnd, *deT =0
pord)?r magsey.
& 90 Rgic’:ej =0 ﬁgéjciej =1 =a=7
Ll He ,Jw.oqriw.o.y Pardl’ > & = ©,=0

99



The D3h character table

o o vl
l @

A\—llnl_mdx_w

<l E@O )

S B B I e

l

D R S e )

Tt e Lol & G;Nx B Femellue Setedms,

3G,

By B0,

Swn

s

=

A\,inﬂflmuo

R R |

o ) [ [l
A 0 o

A 1_ 4\_ 1_ 4\_
< |+l 1_
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The D3h character table

D3h E 203 30% Oh 253 30’U

] 1 1 1 1 11
Al 1 1 -1 1 i
E' 3 =1 0 27 -1 @
A i 1 1 =1 =1 =i
Al 1 1 -1 -1 -1 1
E" g =1 § -2 1 0

Looking carefully do you notice some symmetry in the structure of the table?
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The D3h character table

D3h E 2C3 30:’2 Oh 253 30@

] 1 1 1] 1 11
Al 1 1 -1 1 1 3
E’ 2 =1 0 2 -1 0
Al 1 1 1 |=1 =i =i
Al 1 1 -1|-1 -1 1
E" 2 -1 0[-2 1 0

" Csp, | E 2C5 30,
A |1 1 1
A, |1 1 =1
E |2 =1 0
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Point group C;

Group Cs Two symmetry operations: E, on

Example

What is the character table?
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Point group C;

Group Cs Two symmetry operations: E, on

Example

What is the character table?

C, E oy
Al 1 1
At 1 -1
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The easier path to the D3h character table

C3v

C1h=cs )

{Ea C3> C3_17 Ovly Ou2, GU3}°{E Jh} -

C3U E 203 3O'U
Ay |1 1 1
Ay | 1 1 —1
E 2 -1 0

D3

{E 037 '3 aavla Ov2y Ov3y Oh;y 533 S‘% ) C21> C22) C23}
ExCsy - on X Czy |

Dgh E 203 3Cé Op 253 30’U

A T 1 1 1 1 1

C. E o AL 11 -1 1 1 -1
R E 5 -1 0 %2 ~1 D
# L = A" i 1 3 =1 =i =f
Al 11 -1 -1 -1 1

E" 2 -1 0 -2 1 0
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Decomposition of reducible representations

An reducible representation can be expressed as the sum of irreducible representation

Csv example

_ (1) p(ar) (a2)j(a2) ... — (i) ()

Reducible Irrep.
representation

Obviously, this relationship is also valid for characters

Xr(E)=1x2+1x1=3

o) (o Xr(2C3) =1x(-1)+1x1=0
Kj) :Z”( % 1)(’Cj) Xr(30,) =1x0+1x1=1

Using orthogonality relationships, we find this incredibly useful relation

nl®) = hzg X () xr ()
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Remember about this 5D representation of Cs\?

VA

1 00 00 1 0 0 0 0]
01 00 0 00100
DY)(E)=10 0 1 0 0 DY) (g,1)=|0 1 0 0 0],
00010 000 10
00 0 0 1] 0 0 0 0 1]
001 0 0] 0 1 0 0 0]
1 00 00 1 00 00
Y DY) =l0 1 0 0 0], DM(s,2)=|0 0 1 0 0f,
00010 000 10
00 0 0 1] 0 0 0 0 1]
0 1 0 0 0] 0 0 1 0 0]
00 1 00 01 00 0
DM ;=11 0 0 0 of, DV (o,3)=[1 0 0 0 0.
000 10 00010
0 0 0 0 1 0 0 0 0 1]

Naturally, this representation is reducible since the maximum dimension is 2.

nl®) = hzg X () xr (K)

Cgru E 203 ?)O'U
A1 11 1
2472 ; 11 —01 n(Al)_6(1.1.5+2.1.2+3.1.3):3
1
Dvw 5 2 3 n(Az)_6(1.1.5+2.1.2+3.(_1).3):0
1
n<E>—6(1 2-5+2-(—1)-2+3-0-3)=1

DY) =34, 0 F o)




Multiplication of representation

The product of two representations can be easily calculated using the irrep

multiplication table.

Csy E 2C; 30y

A | | | z

Az | | - L.

E 2 - | 0 (x,y)
Al x A | | | 72
Al x Az | | - | z I,
A x E 2 - | 0 (zx,zy)
A2 x Ay | | | L2
Axx E 2 - | 0 (Lx,Lzy)
ExE 4 | 0 (X2, Y2, XY, yx)
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What does the product of two 2D irreps mean?

[t Is the dyadic product of the representations

1 o] =1 _v8 L V3 T.1 0 1 _ V3 1 V3
D&y — 2 2 2 2 2 2 2 2
0 11’38 _1 |’|_¥3 _1|7[0 1’| _1 [ _1
2 2 2 2 2 2 2 2
P E)e TE)= ® (/ c} B O\
o0 ol
. 2« (g)=
DcC%}@D[&)CC;) 0 /a- g /Q. % (@ ?
R ® "2 -4
:-_L \ —(5 53 3
L 3 \ -3 33 1@:[
v 3 \ N
2 N3 CE
(@)
D¥)(g,1) ® D) (g,1) = ( ®C/ CD o \ x(6)= O
o O - O

o0 O ( 109



The product of two representations can be easily calculated using the irrep
multiplication table.

Multiplication of representation

C3v

A

A

E
Al XA

M__

Al x A

A xE

A x Ar

— | N

Csy A A; E
A A A; E
A; A; A E

E E E ?

Axx E

ExE

AN
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Multiplication of representation

The product of two representations can be easily calculated using the irrep
multiplication table.

Csy E 2C3 30y
Al

Ao

E

Al x A | | |

Al x Az | | - |
Al xE

Ax x Az
Axx E
ExE

M__
@

&

>

p

)

m

— | N
|
O

| | E E E A+Az+E

AN
o O
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Symmetrization of the EXE product

Cxed) © (PiPy) = Py Py » §P= 0 Py
We oo ok e Producd ’Egm%m»g oy A@A®E

W) s o Lvesy  cowdamakm j&[@ms%@% P A7

Ec’c?**éi}fb"‘j‘ « QK«BP‘Q I(EJ e L
Slram)= (5558 (T 3(Er)
= % -%\_XP);} —%ﬁ( t_%f_apé t_%_.l)(?g «E\:&_X%«_ga‘itaegzl/&

=1 C)(Px_ta?.a} ICC% =9
Sv Cx’\),aa?% :’_(,Lx?,( ‘tw JQGS%) =1
ihS &NNS%—“\\&S Aa~ /4 (

Wi te Boaar  aemdbnadion Qx'm,%mmb o A 7

Ooe Nove alresdy bonmalel i
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Symmetrization of the EXE product

ol 3s Ko Luos amdivebon Bossfloivy on £ 7

@?ﬁ o0y, %Py %;Q*ﬂ&

J{,CBB = o
L (o\= O

Co39gRa) Ry - va’@

_[Cx & ~(Gx- l@(ﬁ%—hﬁ
xw TR |

[(. % ‘_@% -5233’\& %g?; —éx’\& —S_ix?% S _a&>

(é@ 3By P30 e % }

:_I _éx& «-é\&? \Ex?& S%a?k BXQ,_ gg%?a_ —'X t)

:ESL Q?x _3?9 x % (X?%*a?x) ) —% C( 9“_399 %l "'\73,*6?5]

= t[é— 63 ] E\?F ‘6_?* DC_CCQ'—" ':7/
0 Th ) e
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Transformation properties of elementary functions

C4. 0 1 2 3
Al I:|1 DZ $2+y2,[‘22 D$($2—3y2),($2—|—y2)2,n253

As R. By (322 — y?)

E “(x,9), (Ra, Ry) "(zy,2® —y?), (2x,y2) {z(2® +v?),y(@® +y*)}, (22, yz?),

Yayz, 2(2* — y°)}
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Les harmoniques sphériques en coor. cartésiennes

Moment angulaire

Orbitale
Pz = Y10
1 1 —1
Pz = ﬁ(n —Yy )
Y+ vt
py ’L\/_( 1 )
dy2 =Y,
1
dwz ﬁ(yé ‘|'Y )
1 _
dyz = E(Yzl - Yz 1)
dpy = ﬁ(yzz +Y5,9)
1 _
A2 —yy2 ﬁ(yz — Y, ?)

PHS3210 Spectroscopie

Se transforme
comme

Invariant (Ar)

XZ

)24

Xy

X2-y2

|15



Proprietés de transformation d'orbrtales

R2

PHS3210 Spectroscopie |16



Special Orthogonal group (SO3J)

»SO(3) is a the group of all proper rotations about the origin of 3D space.
«In systems of full rotational symmetry, let's take z as the axis of rotation.
*The character table is Each possible rotation forms a class

Infinite number SO3 E R(Bl ) R(62>
of irreps \ Qa1

0%)

*The GOT is not helpful for infinite groups

*However, we have already solved analytically this problem: central potential.
*Everything that can exist in SO(3) can be expressed as a sum of spherical harmonics.
*Spherical harmonics can be use to generate the transformation properties of the SO(3).

Spherical harmonics: Y, (0, ¢) = le(g)eimfb

Rotation Baroundzz  RgY;™ (6, ¢) = P(0)e™@=h) = ¢=imBym(g )
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Special Orthogonal group (SOJ)

For a given |, we have the following diagonal transformation matrix

'Yll' (e ils 0 .. 0] 'Yll'
-1 —i(l=1)8 -1
R, Y, _ 0 e 0 Y,
- : : . : -
IR I 0 Lot LY
The character of this representation is , 1
l sin l—|—§ I’
X(l) (R(ﬂ)) _ e—zlﬁ + e—z(l—l)ﬁ R ezlﬁ _ Z ezmzﬁ _ 5
n=-—I sin <§>
From this we can build a character table,
Rs E R(B)
D=9 1 1 A
D=1 3 1+ 2cosf3 (v Y2 v
pi=2) 5 1+2cosfB+2cos(28) (Y 2, Y, 1YL Y3, YE)

D(l) 2l +1 Zm:l 6im6

m=—I1
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Special Orthogonal group (SOJ)

Rotation B + 21

sin(l + 1/2)(8 + 2r)
sin(6/2 + )

sin(l +1/2)B cos(l + 1/2)2x

xi(B+2m) =

sin(£/2) cosm
(=1)*x(8)

For integer I, nothing usual happens

Rotation 3 + 41
sin(l+1/2)(8 + 4n)
Xu(B + ) = sin(8/2 + 2n)

_ sin(l +1/2)Bcos(l 4 1/2)4m
B sin(£/2) cos 2w

= x1(8)
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Special Unitary group (SU2)

The equation for the characters is also valid for half-integral spins.
Rotation B + 21 X% (5 + 27T) — —1)(% (B) 2m rotation is not an invariance

Rotation 3 + 4 X% (5 -+ 47T) = IX% (5) amis!
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Groupe de rotations SO(3) (ou R3)

Couplage de deux moments angulaires:

Soit deux représentations irréductibles I'0) et ['02) du groupe R3 correspondant a
des moments angulaires j; et jo. Le produrit de ces représentations se
decomposera selon une série de Clebsch-Gordan.:

I‘(jl) < F(jz) _ F(j1+j2) + F(j1+j2—1) S I‘(|j1—j2|)

PHS3210 Spectroscopie WA



Applications: calculs d'integrales

I découle du grand théoreme d'orthogonalité que deux fonctions sont

orthogonales si elles se transforment comme deux irreps distinctes d'un méme
groupe.

(), (1" 5iir S | et I représente deux irreps distinctes
<f7, |fz/ > X 0447071/ : Y , , . . .
i et i représente deux composantes d'une irrep multidimensionnelle

Ainsi, le résultat de l'intégral est différent de zéro que si l'intégrant possede

une composante appartenant a l'irrep Al Physiquement, tous les intégrants
dont la représentation ne contient pas A| sont impairs par rapport a au
moins une variable d'intégration.

PHS3210 Spectroscopie
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Applications: regles de selections

Cecl est aussi valide pour une intégrale de la forme,

O est un opérateur quelconque
W0 est une fonction d'onde se transformant comme [irrep |

(@O0 ™)

Ce résultat important permet d'éviter le calcul des éléments de matrice
nécessalrement egale a zéro pour des raisons de symétrie.

Par exemple, la regle de selection d'une transition dipolaire €lectrique est

(Yrlgr)lei) = 0si D(yy) - Tlgr) - T'(¢i) & Ay

Ainsi, la transition sera interdite si le produit des trois représentations n'inclut pas la
représentation infidele.
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Energie et dégénéerescence

Energie

L'énergie se transforme toujours comme la représentation totalement
symeétrique, car elle découle de 'hamiltonien.

Dégenérescence

Les fonctions d'onde reliées entre elles par des opérations de symétrie
possedent nécessairement la méme €nergie. La degénérescence est
donc celle de l'rrep a laquelle la fonction d'onde appartient.

PHS3210 Spectroscopie
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