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Rigid vibrations of a photonic crystal and induced interband transitions

Maksim Skorobogatiy and J. D. Joannopoulos
Department of Physics and Center for Material Science and Engineering, Massachusetts Institute of Technology, Cambridge,
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(Received 9 June 1999

We investigate the behavior of electromagnetic states associated with photonic crystals, which are under-
going rigid time-dependent translations in position space. It is shown, quite generally, that the Bloch wave
vectorqg remains a conserved quantity and that an analogue of Bloch’s theorem for a time-dependent solution
of the states can be formulated. Special attention is focussed on time-dependent translations involving har-
monic rigid vibrations of the photonic crystal. Under these conditions it is shown how, and to what extent,
inter-band transitions can be induced between the various bands in a photonic crystal in a microwave regime.
In particular, a characteristic resonance transition time can be derived, which scales inversely with the ampli-
tude of vibration and interband frequency. Finally, it is argued that given all parameters other than Bloch wave
vector fixed, an interband transition time is minimized if the transition is made at a Bragg plane.

I. INTRODUCTION nally, in Sec. VII, we make some concluding remarks. In the
Appendix, we provide a detailed derivation of a modified
The idea of using periodic dielectric materials to alter theBloch theorem for a photonic crystal undergoing rigid time-
dispersion relation of photoh® has received widespread in- dependent vibrations.
terest and consideration because of numerous potential
application€ It has been shown by several autHoPsthat I1. RIGID TRANSLATIONS OF A PHOTONIC CRYSTAL
passive elements such as waveguide bends, channel drop fil- AND THE MASTER EQUATION
ters, mirror surfaces, etc. can be substantially improved if
constructed on the basis of photonic crystals. Recently, a We begin by deriving the time-dependent field equations
strong interest has developed for the incorporation of nonlinfor the case of a translated photonic crystal. Starting with
ear materials into photonic crystals. Investigations in theéMlaxwell's equations for a nonmagnetic material with a time-
framework of field dependent dielectric media have led toand position-dependent dielectric constant we have:
several suggestiolfs*?on the possibility of constructing ac-

tive elements such as optical switches and on the realization L e(X,DE(X,1)]
; . . VXH(x,t)=——F7—,
of dynamical effects such as second harmonic generation and Jct
induced interband transitions in photonic crystals. (1)
The idea of this paper is to demonstrate the possibility of JH(X1)
inducing interband transitions in photonic crystals using or- VXE(X,t)=— A
dinary, linear field-independent media. To introduce a cou- get

pling between the electromagnetic states of a photonic crys-

tal we employ rigid mechanical vibrations of the crystal with ~ The equation for the magnetic field can be analyzed fur-
a driving frequency() and an amplitude. It will be shown  ther by manipulating the right-hand side:

that in this setting, tuning the driving frequency to the fre-

qguency of the interband transition leads to coupling of the de(Xx,t) JE(X,t)

modes and an interband transition time that is inversely pro- ~ V}HX.D=—2—E(X.D)+e(x.t) —=—,

portional to both the amplitude of vibration and the interband

frequency. Experimentally, since the driving frequency

should be comparable to the frequencies of the photonic 9e(x,t)

gmdes, this method of inducing interband transitions should 1 VXH(x.t) = act E(x,t)+aE(X't),
e most relevant to the microwave region. €(Xx,1) €(X,1) act

The outline of the paper is as follows. In Sec. Il, we @)

describe a general approach for solving Maxwell’s equations Je(x.t)

for general rigid time-dependent translations of a photonic !

crystal. S_gction I, deals with setting up the correct bound- Vx VYxH(x,t) | = VX Jct E(x,t)

ary conditions for the fields on the moving interface between e(X,t) e(X,1)

two dielectrics. In Sec. IV, we address a computational

scheme for obtaining the time-dependent population ampli- + VX IE(X.1) _

tudes of the electromagnetic modes. In Sec. V, harmonic Jct

vibrations of a photonic crystal are considered and resonant-

mode coupling and photonic interband transitions are dem- Substitution of the second of Maxwell's equations from
onstrated. The interband transition time and its dependendgg. (1) into the last equation of Eq2) gives a time depen-
upon various system parameters is discussed in Sec. VI. Filent version of the ordinafymaster equation:
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FIG. 1. 1D photonic crystal with periodiciti rigidly translated
with a displacemena (t).

Ay
2
Vx[ VXH(X,t) = _i L(Xt) FIG. 2. 1D interface between two dielectrics displaced\iy)
€(x,t) c®  at? at timet.
Ie(x.V A dielectric medium which is a function of space and time
L Vx X Ex.t) |. 3) can be conveniently expressed as

. . . X,t)=e€;+(ex—€1) [ X—A(1)], 7
Let us now consider a photonic crystal translated with a cx=ert(e—e)dl (®)] @

displacementA(t) as illustrated in Fig. 1, wher® is the
periodicity of the photonic crystal arid; , R, are the widths
of the slabs with dielectric constandg ande, consequently.
For simplicity we focus on a one-dimensiorfdD) pho-
tonic crystal but our analysis is valid in general. At a fixed
point in space, the dielectric constant is typically a discon- de(x,t) A(t)
tinuous function of time. We notice also that as soorxas =~ (e2=€) A x—A(D]——. 8
#A(t)+RI, x#A(t)+R;+RIl (boundaries between the
slabs of differente) wherel is any integer, the term

where 6(x) is a standard step function. Thus, the time de-
rivative of the dielectric media can be derived from this form
of e(x,t) and becomes

dct

Maxwell's equations with the discontinuous term at
de(X,1) =A(t) can be satisfied if we assume discontinuous electric
and magnetic fields through the interface. Thus, choosing

Jdct _
VX mE(X,t) =0. (4)

E(x,)=E;+(Ex—Ep o[x—A(t)],
Thus, the time dependent master equation reduces to a 9
stationary photonic crystal master equatioe., the master _ _ _
equation for a photonic crystal at rist HO=Hyt+ (Ha—Hy) 6lx—A(1)]

1 1 H(x.1) in the vicinity of the interface for the space and time deriva-
VX| ———— VXH(X,t)|= — = ——, (5) tives of these fields we obtain
e[x—A(t)] ¢ gt2
wherex# A(t) +RI, x#A(t) +R;+RI. We must now con- JE(X,1) A(t)
sider what happens with the fields on the moving boundary “act —(Ea— El)a[x_A(t)]T'
between two dielectrics.
I1l. RIGID TRANSLATIONS AND BOUNDARY JBXD _ E.—E)x—A(t
(Ex—Eq)dlx—A(1)],
CONDITIONS ON THE INTERFACE OF TWO MOVING IX
DIELECTRICS (10
Let us consider a one dimensional interface between two IH(x,1) A(t)
dielectrics as shown in Fig. 2. sa - (HemHydx—AMM]——
Maxwell's equations for each dielectric become
IH(x,t)  Je(x,t) Eix )4 . JE(X,t) IH(x,t) Ho o Ho sl x— At
(6)
JE(X,1) _ IH(x,1) Substitution of these derivatives into Maxwell's equations

X act leads to the following equations for the boundary conditions:
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A(t
—(Hy—Hpdx—A(t)]= _(Ez_El)% S[x—A(t) HE1+(Ex;—Eq) [ x—A(1)]}

A(t)
- 51"‘(62_61)(E2_E1)9[X_A(t)]T , (11)

A(t)
(B2~ Ey)dlx—A(t)]=(Ha—Hy)——dlx—A()].

Integration in the intervake[A(t)—0;A(t)+0] then gives

E;+E, A(t €t € A(t
(- Hy=(e-ep s 2o g, g )20
. (12
A(t)
(Ba—Ey)=(Hz—Hy)——,
|
which can then be rewritten as an amount equal to the current displacem&iit). We can
_ ) put this assumption on a rigorous basis by employing a
A(t) modified Bloch theorem appropriate for a rigidly translated
E, _(T) €1 photonic crystal. We provésee the Appendixthat for the
E T Tz case of a rigidly translated photonic crystal, a time dependent
1 _(&) solution of the electromagnetic fields still possesses a Bloch
c | symmetry
_ (13
At
(ey—e1) ((: ) (Hq(x+ R,t)) :exqu)( Hq(x,t)) 14
H2—H1:E1—2—. Eq(X+th) Eq(X,t) .
(A(t))
| — e
c

Thus, we can expand the magnetic figldx,t) in terms

We thus arrive at the conclusion that the solution of theof the shifted eigenmoded , [x—A(t)] of the stationary
time-dependent master equation for a translated photonimaster equation and obtain
crystal is equivalent to solving the stationary photonic crystal
master Eq(5) with the time dependent boundary conditions
13).
13 HOWG= 3 Cqu(DHqu[X-AM] (5

@n

IV. COMPUTATIONAL METHOD

AND APPROXIMATIONS Here, thqu,wn(t) are the time-dependent band population

In practical applications, the characteristic velocity of aamplitudes(to be determinedand theH, , (x) satisfy
translated crystal is considerably smaller than the speed of A
light. Thus,A(t)/c is a small parameter in our system. We
can also reason that if one is interested in inducing transi-
tions from one band of a photonic crystal to another by me- VX
chanical vibration, the driving frequendy inducing such a
transition should be comparable to the characteristic band

frequency o, thus, A(t)/c~AQ/\w~A/R, whereR is a  We note thatH(x,t) satisfies the Bloch form of a solution
spatial period of the crystal that is of the order of the char-and that the choice of the initial values &f;, (0) and
acteristic wavelength of an extended mode. This places us ,...(0) is made based on the boundary conditions. Thus,
a regime where the amplitude of vibrations is necessarily *n . .

considerably smaller than a spatial period of a crystal andIth @ Proper choice o€, ,, (t), H(x,t)q is an exact solu-
thus perturbation theory is clearly applicable. As the velocitytion of the time-dependent problem for the rigid translations
of vibration is much smaller than the velocity of a propagat-0f & photonic crystal.

ing mode it is intuitive to expect that an instantaneous state Let us now develop equations for the time dependent
of the system can be thought of as being composed of Ropulation amplitude€, , (t).

superposition of modes for a stationary crystal but shifted by We note from Eq(16) that

1 w3 (q)
WVXqu‘”n(X) :7Hq’wn(X). (16)
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In addition, the orthogonality of the modes gives

<quwn[X—A(t)]|qu'wn,[X—A(t)]>= 5n,n’5q,q’ . (18

Substitution ofH(x,t) into the stationary photonic crys-

tal master Eq(5) and use of Eq415), (16), and(17) leads to

S Con (DM, oA
Qion(@) e G en c2

1 ..
=—=1 2 Cou(DHge [X—A(D)]
C qvwn(q)

Mo [X—A(D)]

+2 Cyo (D)
q,wzn(q) 4 at

aZHq,wn[x—Mt)]}
5 . (19
at

Now, using the orthogonality of thed, , [x—A(t)]
modes we can rewrite the above equation in the form

0=Cq, twh(@)Cq, +2 2 C

q' 0,
a’,on(q")
qu,,wn,[x—A(t)]
X Hq'wn[x—A(t)] pm

+ 2

Cq,"‘)n’< Hq,wn[x— A(t)]
q’ on(q")

X (20

PHyr o [X—A(D)]
9t '

Since theH, ,(x) are solutions of the stationary Master
equation for a crystal, they are the Bloch waves of a station-

ary Hamiltonian and therefore

How [Xx—A(D)]=explia[x—A(t) [}Uq n[x—A(1)],
(21)

whereU, ,[x—A(t)] is a periodic function with periodicity

Given this particular form of tthywn[x—A(t)], we can
express the transition matrix eIements(Hq,mn[x
—A(t)]|{(9Hq,,wn,[x—A(t)]/at}) and (quwn[x
—AM)]{0*Hg w [X—A(1)]/6t%}) in terms of integrals
over the derivatives dfJ; ,[x—A(t)]. To first order inA(t)
one can derive
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IHgr o, [X—A(D)]

Ha,o [X—A(D)] S
= —[198nn +Mpn (DIA(L) 8g g (22)
and

&2H /'n/[X_A(t)]

<Hq,wn[x—A(t>] : pox >
= _[iq‘sn,n"" Mn,n’(Q)]A(t)aq,q’ ’ (23)

whereM,, »(q) is an antihermitian transition matrix defined
as
auq,n,>
X
v

and the integral is taken over the volume of a unit cell
Thus, from Eqs(22) and (23) intraband transitions are not
allowed in this formalism and only interband transitions are
possible.

Substitution of Eqs(22) and(23) back into Eqs(20) then
gives

Mn,n’(Q)=<Uq,n (29

C—2A(t)(ig+M)C+[D—A(t)(ig+M)]C=0, (25

where C=[Cq,wo(t),Cq'w1(t), ...] is a vector of mode
populations, and is a diagonal matrix with squared natural
mode frequencies on the diagonal, i.e., dRy(
=[wd(q),w5(q), . ..]. Finally, we note that Eq(25) is not
time reversal invariant, which is consistent with the fact that
Eq. (5) represents a driven system.

V. RESULTS FOR RIGID TRANSLATIONS
WITH A HARMONIC DISPLACEMENT

Let us now consider the special case of rigid vibrations
with a harmonic displacement
A(t)=A sin(Qt). (26)

In this case, Eq(25) for the time dependent population of
modequ,wn(t) can be easily analyzed. Rewritidy(t) as

exp(iQt) —exp(—it)

A(t)=A >

(27)

we notice that Eq(25) allows a solution of the form

+ oo —+ oo

C= 2 Agexdi(o+I O]+ 2 A g
|=—c |=—

xXexgi(—o+1O)t]. (29
Here, the eigenvecto&, | andA_ . o are to be de-
termined by substituting E¢28) into Eq. (25) and solving a
complicated matrix equatiolf. Since we are dealing with
smallA [and we know thatv = w,(q) whenA =0] the spec-
trum of the excited modes is not going to change much. Thus
the frequencies for the excited modes can all be approxi-
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FIG. 3. Frequency spectrum of the population of band @ at
= /2 with A=0.01 and2=0.2. Note the dominating natural fre-
quency harmonics witht wy(7/2) and excitations of the form
*wo(m/2)+1Q.

mated byweycited= = @n(Qq) +1Q wherel is any integer and
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FIG. 5. Plot of the time-dependent population amplitudes for
bands 0 and 1 atj=m/2 as a function of time for the 0—1
interband transition witlA=0.01, andQ=Q,.;. With these pa-
rameters the population of band 1 becomes comparable with the

population of band 0 alt, 4nsition~ 60%.

wn(q) are the normal frequencies of a stationary photonicsmall they are unresolvable in the figures. Excitations

crystal.

* wo(m/2)£ Q) have Fourier components that are two orders

As an example, let us consider the case of a 1D photoniof magnitude smaller than the Fourier components of the
crystal with alternating dielectric slabs of width 0.8 and 0.2natural harmonicst wo(7/2). As the driving frequency is

and dielectric constants;=1 ande,=13, respectively. For
simplicity, we selR=1 andc=1 and concentrate on the mid

substantially smaller than the-01 resonant frequency, the
transition to band 1 is suppressed and the amplitudes of ex-

zone wavevectoq= /2. The first three bands are easily cited modes in band 1 are at least three orders of magnitude

calculated and have frequencieswy(7/2)=0.8189,
w1(7/2)=3.3047, w,(7/2)=4.9659. For definiteness we

smaller than the amplitudes of thewq(/2) natural modes
in band 0. This is shown in Fig. 4. From the Fourier spec-

focus on exploring a possible interband transition from bandrum associated with band 1 one can see that the main har-

0 to band 1, and thus sé,.s=2.4857.

monics are att w,(m/2), = wq(m/2)=Q, and * wy(7/2)

To investigate the time dependence of the excited states (). The presence of the latter frequencies reflects a

of the system we perform the following simulation. At

“memory” of the band from which the transition originated.

=0 we initialize our state to be band 0 and calculate the time Let us now consider the cage= (). Tuning the fre-
dependence of the band populations as we vibrate the crystghency of vibratior(} to the interband frequend, s leads
with a frequency(). We then analyze the Fourier spectra ofto a strong interband coupling. After a characteristic transi-

the band populations.
Let us begin with the cas@ <(),.s. A Fourier analysis

tion time ty, ansition the envelope of the amplitude of popula-
tion of band 1 gradually approaches the same order of mag-

of the time dependence of the populations for band 0 anditude as the original population of band 0. This is shown in

band 1 gives the spectra shown in Figs. 3 and 4, respectivelyig. 5.
One can see in Fig. 3 that harmonics of the form The rapid oscillations correspond to the natural frequen-

T wo(m/2)+1Q are excited with = wq(7/2) having the
dominant amplitude, which is in accordance with E28).
Moreover, the excitations: wo(w/2)+1 for |I|>1 are so
)
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FIG. 4. Frequency spectrum of the population of band 1 at
=m/2 with A=0.01, andQ)=0.2. Natural frequency harmonics
+ w,(7/2) and their excitationst w4 (7/2)+1€) are superimposed
on the excitationst wq(7/2)+1€) induced by the 6-1 transition.

cies of each band. Note that there is complete transfer at

intervals of about 6p. Fourier analysis of these spectra leads
to the results shown respectively in Figs. 6 and 7. As in
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FIG. 6. Frequency spectrum of the population of band @ at
= /2 with A=0.01,Q=Q,.. As in the case of the off-resonance
transitions the excitations in the band 0 are of the form
* wo(m/2)+1Q.
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FIG. 7. Frequency spectrum of the population of band 1 at 0EA0R s T T T T T
=7/2 with A=0.01, Q=0Q,,. Harmonics with the natural fre- 1 10 100
quency of the band: w,(7/2) dominate the Fourier spectrum. Note €,
that in this case the amplitude af w,(7/2) is comparable to that
of +wy(7/2) in Fig. 6. FIG. 9. Transition-matrix element for a set of Bloch wave vec-

tors as a function oé,. Each curve corresponds to one of the Bloch

o wave vectors in a sef= 7/nR wheren=1 to 10.
the case of the off-resonance transitions, the general form of

the excitations ist wq 4(7/2) +1Q) where the amplitudes of
the excitations with|/l|=1 are much smalleftat least one T _
order of magnitudethan the amplitudes of the modes with ANSION T o+ wg A[MogQres
the natural frequencies of the bands. Specifically, for band 0 ) . _
(Fig. 6) it is clear that harmonics with the natural frequency ere: Moy is the absolute value of the transition-matrix
of the band=+ we(7/2) dominate the Fourier spectrum by €lément defined in Eq24). Since ywow/(wot wy) will
two orders of magnitude. Similarly, for band(Eig. 7) the ~ typically always be about 0.5 for a fairly wide range of
harmonics+ [ wq(7/2) + Q,es] and+ w(7/2) coincide with ~ @1/ @o We can approximat, ansition for most practical pur-
each other and dominate the Fourier spectrum by at least of9¥S€S as
order of magnitude.

A natural issue to consider at this point concerns the in- i _ ™
terband transition time at resonance. This is addressed in transition = ATM o4/ Qo5
detail in the next chapter.

\/wowl 2

(29

(30

Note that this expression is also inversely proportional to the
matrix element and resonant frequency. We shall return to
VI. THE INTERBAND TRANSITION TIME examine this behavior shortly, but first we focus on the
) ) ) ) . A-dependence. Fog=m/2 and Q=0 we determine
Since the a}mphtude of vibration plays the role of an in- tiangtion independently by varying the coupling constant
terband coupling constant, one would expect that the transij,q calculating the number of cycles needed for the ampli-
tion time should be proportional to the inverse of this coU-y,qe of band 1 to reach its maximum. A comparison of these

pling constant. Doing standard time dependent perturbatiopagits with those predicted by E(B0) is given in Fig. 8.
theory on EQ.(25), with t,ansition defined to be the time

required for the population amplitude of band 1 to reach its 6
maximum, one obtains ]

5] n/10R
120 1 P 1 moR \
] // 4_: TE/BR \

100 A Z

T
6R
- 1 L o o ™ I —
S 60 P /4R 7”
B 1 v ]
6 0 ) 1] ®/3R /
N ] g ] 2R
e » 1™
20 B /‘/( 0- n/R T T T T T T 17T T T T T L
18 1 10 100
0 20 40 60 80 100 120 140 160 2

n /AIMy, 1Q FIG. 10. Band 6-1 transition resonance frequenQy..(q) for
a set of Bloch wave vectors as a functionegf Each curve corre-
FIG. 8. Transition time versus/A|Mq,|Q for q= /2 andQ sponds to one of the Bloch wave vectors in agetm/nR where
=Qes- n=1 to 10.
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The results clearly show tha{; .nsition IS iNversely propor- One can see that for each valuegpthe transition-matrix
tional to the amplitude of vibration and that EGO) is a element is a monotonic function @, bounded from above
reasonable approximation. by values independent @b. One can show that these bounds

We now turn to the case wheteis fixed and|Moy| and  are reached whem,> €;(R;/R,)2. In addition, it is rela-
()¢ are allowed to vary. Under these conditions the inter+jvely straightforward to show that in the limits ef— €,
band transition time is given by andR;>R,, |My(0,€,)| becomes a function of the crystal
structure andj alone. For example, at the band edge 7,

t it JR1,Ry,€1,€ . .
transition(d:R1Ro. €1, €5) one can perform an analytical calculation [&,(q)| and

. obtain
~ A[Moy(a,Ry,Ry,€1,€2)[ Qres(A,Ry Ry €1 €2)
(31)
. . 77
For simplicity, we begin by focusing on calculatiniyl ] lim Moy( e2) =i (32
and (), in various limits. Earlier we considered a system €21
with e,=1, €,=13, R;=0.8R, andR,=0.2R. Now we al-
low €, to vary and calculatéM y;(q, €,)| for g in the interval
[0,77]. The results are shown in Fig. 9. and
R,
sinf 2\/ —
Ry
\/FTZ
1-cogq 2\/—
427 R,
lim M01(7T,62):i R
e ey(Ry/R)2 2 42 Ri+ VRiR; R, R,\ |- (33
2> €1(RU/Ry) \/R—l(ﬂ' 4R ,— sinl 21/ — / 1—cod 2\/—
1 2 R, R,

Thus, the extrema dM,(7)| at a band edge can be tuned considered in this paper witk,=1, €,=13, R;=0.8R and
purely by geometric considerations. Finally, as it is clearR,=0.2R the optimal transition time is given by

from the plot, for the same value @f, the maximum cou- R?2

pling between resonance bands is achieved at the band edge tyransition~ 0.503—. (34)
g=m as one might expect to occur at a Bragg plane. cA

As far as the resonance frequency is concerned, it is ploly the microwave regim®~0.1 m and a reasonable ampli-
ted for each value of] in Fig. 10 as a function o&,. Note  tyde for a displacement iA~10"8 m, thus leading to an

that for values ofj= m/4R, the (),5(q, €2) exhibit an extre-  interband transition time of the order of 191072 s.
mum at e,~ 18, which is close to the quarter-wavelength

condition e,=¢€;(R;/R,)?=16. At €, €,(R;/R,)? it is 107 or
easy to show that interband resonance frequencies af all ] /R
tend to collapse, approaching 0 according-ta/\/e,. 1 =/8R
Using the results of Figs. 9 and 1, ,nsition C&N NOW be 1
calculated for each value afas a function ofe,, as shown
in Fig. 11. From the figure we see that for each value of
there exists an optimal value @ such that interband tran-
sition time is minimal. Another important fact is that for a
fixed value ofe,, the transition time will achieve its minimal
value at the band edgeg= 7. The latter is partially a conse-
guence of the fact that the coupling between states is maxi-
mal at the band edge. Thus, one would expect similar behav- 0.1 ! 0 T 0
ior at Bragg planes in general for other photonic crystal £,
systems.
Finally, as a concrete example, let us consider transitions F|G. 11. Band 0-1 transition time for a set of Bloch wave
in the microwave regime. Here, the frequencies can be of theectors as a function of,. Each curve corresponds to one of the
order of Q~10° Hz. For the case of the photonic crystal Bloch wave vectors in a set= #/nR wheren=1 to 10.

1 =/R

1:h(::nsh‘ion (q ‘ 82) A
n
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VIl. SUMMARY reasonable to conjecture that this translational symmetry
should still impose some restrictions on the fields even in the

In this paper, we _stud|ed th.e behavior of ?lewomagnemfime—dependent case. In fact we will prove that Bloch’s theo-
states associated with photonic crystals, which are underg?-em still holds in the time-dependent case in the following

ing rigid time-dependent translations in position space. Itf rm. For a time dependent solution of E&\1) it is possible
was shown that the Bloch wave vector remains a conserved . P — P

quantity and that an analogue of Bloch’s theorem for a timg® define “good quantum numbersj and w;, so that
dependent solution of the states can be formulated. It was

also shown that under translations involving harmonic rigid H- (r_+§t) H- (r_t)

vibrations of the photonic crystal, tuning the driving fre- d.on 2 ’ —expligR) dop 210

guency to the interband resonance frequency, induces reso- o YQ(r_+ R,t) Eqo YQ(r_,t) '

nant transitions between the bands. In particular, a character- " " (A2)
istic resonance transition time was derived, which scales

inversely with the amplitude of vibrations, transition-matrix ) ] .
element and resonance frequency. Finally, it was established TO demonstrate this, we look for a solution to a time
that given all the other parameters fixed an interband trans@ependent problem in a complete plain wave basis

tion time is minimized if the transition is made at a Bragg

plane. H(rt H(q.
( (i ))=Jdadw< (E'w))ﬁw), (A3)
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APPENDIX lq,w)= - )zexp(iq_r—iwt) (A4)
a
In the following, we provide a detailed derivation of a
modified Bloch theorem for a photonic crystal undergoingand
rigid time-dependent oscillations in position space. Consider
the case of a photonic crystal vibrating with an amplitude — — T =
A(t) = A sin(Qt). Maxwell’s equations take the form (o, wold, @)= 8(qo—0) 8w~ w). (A5)
_ __ GE[r0)] delr—AMD] _ — Since e(r +R)=¢€(r) we can decompose the dielectric
VXH(r, ) =elr —AM)]— —+——5—E(.1), function in terms of the reciprocal space modes
(A1)
_ AH(r t = ecexyiGr
VXE(r )= — ait ), e(r) % ez exp(iGr). (AB)

where €(r,t) is now a spatially periodic time dependent Substitution of Eqs(A3) and(A6) into Maxwell's Egs.(AL)
function such thaBRV r:e[r +R—A(t)]=¢[r—A(t)]. Itis  gives

e _ Je[r—A()] _ — Y JEp—
f dqdwl[H(q,w)xq]|q,w)=jdqdwTE(q,w)lq,w>—Jdqdwl6[F—A(t)]EE(q.w)|q,w>’
(A7)
_— . - a1 _— . - w —
J dqdwl[E(q,w)qulq,wF—Jdqdle(q,w)glqw%
Multiplying both sides of Maxwell's equations t(y?o ,wo| we get
_ _ o [ = aer—A()] —
0=H(oo,wo)><qo+f dqdng(q,w)mo,wole[r—A(t)]lq,wHIJ dgdwE(d,@)(do, wol —— 10, @),
(A8)

_ _ w _
0=E(Gp,wo)x0o + - H(do @0)-
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1. Evaluation of [dqdwe/cE(q,@){dq,wo|e[r—A(t)]]q, »)
First, let us investigate the form of the term

| dat 2 E@.0) (G0 woldT- B0 1[a.0) (A0

more closely. Since
efr—A(t)]=2, egexdiGr—iGA(t)]  (A10)
G

we have

| a2 (@0 (@ wol T~ B(0)1[a.0) (1D

. w — —
=J dqdwEE(q,w)Z (9o, @ol
G

X exgiGr—iGA(t)]|q,w). (A12)
But now
(o, wolexdiGr—iGA(1)][q, )
(277 fdr exp:|(q+G qo)r]
xf dt exi (wo— w)t—iGA(t)] (A13)

and the integral over space is trivial. Thus, we obtain

(9o, wolexfiGr-

=8(q+ 6—%)%] dt exq i (wo— w)t—iGA(t)].
(A14)

The time-dependent integral can be performed analyti-

cally in the following way:
1 ) J—
ﬁj dtexgi(wg— w)t—iGA(t)]

ool
:_f dt exq i (wo— w)t]’2 ( “') [G_A(t)]'].

(A15)

Now assume that the crystal is shaken with a single fre-

quency

_exmﬂt) exp(—iQt)
2i '

A= (A16)

Substitution of Eq(A16) into Eq. (A15) leads to the fol-
lowing

RIGID VIBRATIONS OF A PHOTONIC CRYSTAL AND.. ..
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1 . e
EJ dt exfi(wo— w)t—iGA(t)] (AL7)
1 |
=—J' dtexdi(wo— w)t][ 20( ||) <4> Z
_ _ I

x(—l)pexp[lﬂt(l—p)]exp(—lﬂtp)m

(A18)

The integration over time can now be easily performed to
give

1 _ _
ﬁf dtexdi(wo— w)t—iGA(t)]

:IE_ 8(wo— w+1Q)D|(GA), (A19)

where coefficient®,(GA) can be easily calculated by col-
lecting the powers of exf{t) to obtain

T(-1f (GA)
Dy=D_y=(— 1)2 22t (f—)I(f+I)! (A20)
and
i ( 1 (J)Zf-%—l
D2|+1:_D72|*1 1)| 12 22f+1 (f—l)l(f+|+1)
(A21)

Finally, we arrive at the following expression:

. w _ —_— _
| dado LE@0)3 st odexdiGiGADIG.0)
G

(A22)
1 =
== 2 eg| 2 (wot1Q)

G I=—o
xE(E()—E,wOHQ)D.(J)} (A23)

2. Evaluation of i[dqdwE(q,@){dq,wo|{de[r
—A(M]/dct}q, )

Proceeding in exactly the same fashion as in the previous

section, one can easily derive the following expression:

if dEdwE(Ew)<a),wo delr=AM] >

act 9.0
(A24)
1 GA T
EZQ eG[ 2 E(do—G.wo+10)
G I=—=
X[D|+1(®—D._1<®]]. (A25)
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3. Solution of the time-dependent Maxwell’s equation for the rigid harmonic vibrations of a photonic crystal
Combining the results of the above sections we arrive at the following form of a solution for Maxwell's equations:

— 1 — (GA) _ _ .
OZH(%,O)O)XQO‘FEZ €G I_E E(do—G,wo+1Q) TQ(D|—1(GA)_D|+1(GA))+(wo+|Q)D|(GA)}
S “~.

+ o0

(A26)
_ — wg —
0=E(qy,wo)Xqo+ ?H(QO NOTOR

A striking conclusion that can be drawn from this form of ~ After a set of simple manipulations the final form of the
a solution is that it is still possible to define a “good” quan- solution is

tum numberqq for a vibrating photonic crystal, since the
modes with differengjy do not mix. Another immediate con-

clusion is that along with a normal mode frequenay and Hag.0p(T0) —exp(igu) U= )
amplitude Ex o T =exp(idor)Uq, w, .0l 1),
H(Eo,wf») (A28)
E(qo,wo) Uao,wo,ﬂ(r_—i_ﬁ!t)zgao,wo,ﬂ(r_at):
the harmonics of the “driven” modes will be also excited
with frequencieswy+1Q) and amplitudes where
H(qo,wo+1Q)
— . + o
E(do,@ot10) Uggup.a(r)= 2 Ugy by an(exd —i(wo+1O)t],
0?0 1= 0:®0 25

Thus a solution to a time-dependent Hamiltonian equation
can be written in the form

Hag 1) > (H@—a,wom)) Yo w0, 0T+ RI=Uig.0 0(1),
Equug(T1) _%lzw E(Go—G,wo+1Q) o
o ~ — H(qO_G,w0+IQ) L —
X exgi(qo—G)r —i(wg+1Q)]. qu,wo,g,|(r)=% (@ Bon 1) exp(—iGr).
(A27) (A29)
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